Abstract. We present a polynomial-time approximation algorithm for legally coloring as many edges of a given simple graph as possible using two colors. It achieves an approximation ratio of 
Introduction
Given a graph G and a natural number t, the maximum edge t-coloring problem (called Max Edge t-Coloring for short) is to find a maximum set F of edges in G such that F can be partitioned into at most t matchings of G. Motivated by call admittance issues in satellite based telecommunication networks, Feige et al. [2] introduced the problem and proved its APX-hardness. They also observed that Max Edge t-Coloring is obviously a special case of the well-known maximum coverage problem (see [4] ). Since the maximum coverage problem can be approximated by a greedy algorithm within a ratio of 1
, so can Max Edge t-Coloring. In particular, the greedy algorithm achieves an approximation ratio of 3 4 for Max Edge 2-Coloring which is the special case of Max Edge t-Coloring where the input number t is fixed to 2. Feige et al.
[2] has improved the trivial ratio 3 4 = 0.75 to 10 13 ≈ 0.769 by an LP approach. The APX-hardness proof for Max Edge t-Coloring given by Feige et al. [2] indeed shows that the problem remains APX-hard even if we restrict the input graph to a simple graph and fix the input integer t to 2. We call this restriction (special case) of the problem Max Simple Edge 2-Coloring. Feige et al. [2] also pointed out that for Max Simple Edge 2-Coloring, an approximation ratio of 4 5 can be achieved by the following simple algorithm: Given a simple graph G, first compute a maximum subgraph H of G such that the degree of each vertex in H is at most 2 and there is no 3-cycle in H, and then remove one arbitrary edge from each odd cycle of H.
In [1], the authors have improved the ratio to 468 575 . Essentially, the algorithm in [1] differs from the simple algorithm only in the handling of 5-cycles where instead of removing one arbitrary edge from each 5-cycle of H, we remove a random edge from each 5-cycle of H. The intuition behind the algorithm is as follows: If we delete a random edge from each 5-cycle of H, then for each edge {u, v} in the optimal solution such that u and v belong to different 5-cycles, both u and v become of degree 1 in H (after handling the 5-cycles) with a probability of In this paper, we further improve the ratio to 24 29 . The basic idea behind our algorithm is as follows: Instead of removing a random edge from each 5-cycle of H and removing an arbitrary edge from each other odd cycle of H, we remove one edge from each odd cycle of H with more care in the hope that after the removal, a lot of edges {u, v} (in the optimal solution) with u and v belonging to different odd cycles of H can be added to H. More specifically, we define a number of operations that modify each odd cycle of H together with its neighborhood carefully without decreasing the number of edges in H by two or more; our algorithm just performs these operations on H until none of them is applicable. The nonapplicability of these operations guarantees that H is edge 2-colorable and its number of edges is close to optimal; the analysis is quite challenging.
Kosowski et al.
[7] also considered Max Simple Edge 2-Coloring. They presented an approximation algorithm that achieves a ratio of 28Δ−12 35Δ−21 , where Δ is the maximum degree of a vertex in the input simple graph. This ratio can be arbitrarily close to the trivial ratio 4 5 because Δ can be very large. In particular, this ratio is smaller than 24 29 when Δ ≥ 6. Kosowski et al. [7] showed that approximation algorithms for Max Simple Edge 2-Coloring can be used to obtain approximation algorithms for certain packing problems and fault-tolerant guarding problems. Combining their reductions and our improved approximation algorithm for Max Simple Edge 2-Coloring, we can obtain improved approximation algorithms for their packing problems and fault-tolerant guarding problems immediately.
Basic Definitions
A graph always means a simple undirected graph. A graph G has a vertex set V (G) and an edge set E(G).
A path in G is a connected subgraph of G in which exactly two vertices are of degree 1 and the others are of degree 2. Each path has two endpoints and zero or more inner vertices. An edge {u, v} of a path P is an inner edge of P if both u and v are inner vertices of P . The length of a cycle or path C is the number of edges in C. A cycle of odd (respectively, even) length is an odd (respectively, even) cycle. A k-cycle is a cycle of length k. Similarly, a k + -cycle is a cycle of length at least k. A path component (respectively, cycle component) of G is a connected component of G that is a path (respectively, cycle). A path-cycle cover of G is a subgraph H of G such that V (H) = V (G) and d H (v) ≤ 2 for every v ∈ V (H). A cycle cover of G is a path-cycle cover of G in which each connected component is a cycle. A path-cycle cover C of G is triangle-free if C does not contain a 3-cycle.
G is edge-2-colorable if each connected component of G is an isolated vertex, a path, or an even cycle. Note that Max Simple Edge 2-Coloring is the problem of finding a maximum edge-2-colorable subgraph in a given graph.
